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Abstract
Optimal roles of the public and private sectors to achieve sustainable economic growth

depend on the level and distribution of risk across agents.  In this paper, we build on the
framework of general equilibrium to incorporate the role of risk in the determination of relative

prices.  Where risk is abnormally distributed by level across agents in time and space, market
prices will deviate from a Pareto-optimal allocation.  Whether this justifies public sector
intervention depends not just on the specification of the level and distribution of risk, but also on

the transactions costs of correction.  We provide some preliminary evidence on the role of risk as
it relates to property rights and economic growth to support the notion of growth as dependent on
property rights and economic flexibility.  In turn, we find that property rights depend on the level

of judicial independence and the underlying degree of confiscation and contract repudiation risk.
Economic reform in developing and emerging market economies thus depends ultimately on
establishing civil society institutions that provide a consistent framework for the allocation of

property rights.  Where risk is explicitly considered in the formation of property rights, market
prices will be closer to a Pareto-equivalent allocation of resources.
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The Role of Risk in the Choice of Optimal State-Market Relations

Introduction
For some time, underlying perceptions of risk and uncertainty have shaped public attitudes

toward the role of the state in economic decisions. Interestingly, explicit measures of risk often
are absent in such discussions. Consequently, public policy choices often are framed in some
larger ideological context in which neither markets nor the public sector could be held

consistently accountable for outcomes1. Such is the debate that has taken place regarding
structural adjustment in developing and in emerging market economies2. In this paper, we
propose a framework that incorporates risk in the evaluation of traditional economic functions of

the public sector. We contend that it is not risk per se that determines the roles of states and
markets, but rather the abnormality of the underlying probability distributions associated with the
allocation of resources. With this framework in mind, we provide some empirical evidence

regarding the direction of optimal state-market relations. In so doing, we seek to clarify the
choice of optimal public and private sector partnerships for sustainable economic development.

Competitive General Equilibrium
With due allowance for distributive justice, Pareto optimality traditionally serves as the first

best standard for economic efficiency.3 For a given distribution of assets, economic efficiency is

achieved in an environment by an institutional structure of prices that produces the maximum
level of production at the lowest social cost. In turn, dynamic sustainability embodies the
selection of a set of economically efficient prices such that growth occurs as a weighted function

of the prevailing rate of interest and technical change.

Figure 1
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Figure 1 illustrates static economic efficiency within a competitive general equilibrium

framework4. In a world of perfect information and in which there are neither externalities nor
economies of scale or scope, all possible outcomes are known at the outset, including those over
time. Society’s production possibilities frontier YX defines the range of output choices under a

given technology and degree of input specialization. Selection of a particular output combination
such as at Ob determines Y1 and X1 levels of goods Y and X.  In turn, individuals a and b arrive
at a particular distribution of income through an established social contract, which in turn

determines the maximum level of social welfare, shown here at point Z, the tangency of the
respective highest indifference curves for the respective goods for the respective individuals5. All
other combinations are inefficient in that they are either non-intersecting or do not intersect on

the social contract curve.  The line FF’ defines the equality of the marginal rates of substitution
for the respective goods for the respective individuals. This marginal rate of substitution is equal
in turn to the opportunity cost of production, or marginal rate of transformation, at point Ob, and

is defined by the line TT’.

Competitive general equilibrium also requires equality of the respective marginal products to
their corresponding input prices across producing units, as well as the distribution of input

utilization across producers. To do so, one could replicate figure 1, but in the box OaY1ObX1
specify the respective isoquants of the respective producers where the rays OaYa and OaXa
specify the corresponding inputs used in production, which for purposes of geometric simplicity,

are limited to two. The slopes of these respective isoquants portray the marginal rates of
technical substitution in the use of inputs for a given level of output. Taken together, competitive
general equilibrium produces for a given income distribution and distribution of inputs across

producers an equality of the respective marginal rates of substitution, the respective marginal
rates of technical substitution, and the marginal rate of transformation.

In a dynamic world of certainty, the above conditions are modified through the use of

discounted present values of utility in consumption and with discounted net benefits of
investment equated at the opportunity cost of capital and other inputs in production.  In turn, the
economy’s expansion path is determined by the rate of capital accumulation at the current rate of

discount and by the rate of technical change in production6.

Risk in the Context of General Equilibrium
Risk arises in both a static and dynamic context when a probability distribution of alternative

possible events replaces the certain outcome of a decision in space and time. In the framework of

Arrow-Debreu-MeKenzie, or ADM, a Pareto-equivalent allocation of resources can be achieved
through use of contingent spot and forward markets that reflect relevant events of various
underlying probability distributions. Although the same physical good delivered in different
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states of nature or time is treated as a different commodity, as long as the number of markets

corresponds to the number of contingent outcomes, and as long as the level of information on the
underlying probability distributions is known in equal degree among all agents, the ADM
framework suggests that there is no a priori basis for public sector intervention.

Adoption of a continuous-time environment, as illustrated, for example, in the option price
models of Merton (1973), and Black and Scholes (1973), does little to alter the basic
propositions of the ADM framework.  In continuous-time, effectively complete markets are

achieved by trading extensively and continually in space and time. As long as the number of
markets corresponds approximately to the number of contingent events, a Pareto equivalent, or
constrained, equilibrium will be achieved on a continuous basis.

As appealing as the contingent continuous-time framework may be, it does not follow that it
automatically will produce a Pareto constrained competitive general equilibrium. The basic
context for such failure is the presence of incomplete markets, a notion dating back to Bator

(1958).7  In its more recent formulation (Magill and Quinzii, 1996), incomplete markets exist as
long as there are incomplete contracts to cover all commodities in time-contingent space.8

Incomplete contracts produce deviations from the standard Pareto requirement of equality of

respective marginal rates of substitution, marginal rates of technical substitution, and marginal
rates of transformation. As such, they result in a lower level of output that could be achieved
with a more efficient set of prices.  At the same time, even in the presence of incomplete

markets, it does not follow that public sector intervention automatically can restore conditions to
a Pareto constrained competitive general equilibrium, for reasons which we will set out
subsequently9.

Why do incomplete markets exist? The simplest explanation is the presence of significant

transaction costs.  If transaction costs exceed the perceived benefit of creating contracts that
cover all possible contingencies, then markets will be incomplete. Contracts thus contain both
explicit and implicit commitments since the marginal cost of perfect information may approach

infinity. Coase (1937, 1960) and Williamson (1975) emphasize the role of transaction costs in
determining not only the shape and structure of market institutions, but also the extent to which
they determine whether public sector intervention may be warranted.10 Even in the presence of

externalities, Coase (1960) argued that as long as transaction costs are not relatively high, agents
might find a way to arrive at an efficient allocation of resources without public sector
intervention. The question is what determines the level of relatively high transaction costs and

under what conditions is public sector intervention warranted.
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Transaction costs depend partly on the institutional efficiency of contracting and partly on

the level and distribution of risk. In turn, the institutional efficiency of contracting depends on
the degree of transparency and consistency in the specification and allocation of property rights.
At the same time, transparency and consistency in property rights depend on the actual and

perceived level and distribution of risk. Pareto optimality thus depends on a sequential hierarchy
of institutions and decisions.  Simply stated, efficient prices are a function of both production
and transaction costs. In turn, transaction costs are a function of the degree of transparency and

consistency in the specification of property rights. Transparency and consistency in the
specification of property rights are a function of the perceived level and distribution of risk. In
our view, the challenge of defining Pareto efficient prices turns ultimately on the measurement of

risk and uncertainty in a dynamic setting through the above-defined sequence of causality. How
well risk is measured and incorporated into prices thus determines the appropriate boundaries of
public and private sector roles in the allocation of resources.

What do we know about risk and do market prices incorporate risk sufficiently to achieve a

Pareto allocation of resources? Most risk management models are based on the assumption of
standard Gaussian normal distributions. Whether for spot, forward, or contingent markets, asset
prices typically contain a risk premium that reflects understanding and assumptions regarding the

underlying probability distribution of alternative events.  Insurance markets exist to hedge
against risk, while risk premia compensate agents for taking additional risk. However, if the true
probability distribution of an event is non-standard, or idiosyncratic, and agents hold

heterogeneous perceptions, then the resulting structure of prices is likely to be inefficient.
Skewness and kurtosis typify non-standard distributions, and can exist in the presence of
insufficient sample size, relatively unique events such as economic innovation, and under

conditions of asymmetric information across agents. In turn, for both standard and non-standard
distributions, where perceptions of the underlying form differ across agents, then the resulting
Pareto inefficient prices will produce a misallocation of resources.

We add further that consumer preferences may not be consistent over time, thus presenting
an aggregation problem.  Prospect theory, which Kahnemann and Tversky (1979) propose as an

alternative to the standard expected utility model, draws on insights developed by Friedman and
Savage (1948)11. Non-expected utility theory suggests that we may not be able to draw on
classical statistical models to explain human behavior, which suggests that markets may not

follow the standard rationality assumption. This becomes particularly difficult in the context of
heterogeneous expectations across agents, and provides a basis of why markets may fail in the
presence of asymmetric information.
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Failure to achieve homogeneous perceptions of a probability distribution across agents arises

in the case of adverse selection and moral hazard.  Both cases illustrate the principal-agent
problem when incentive compatible contracts may be difficult to conclude. Under such
circumstances, agents face the problem of Simon’s (1957) bounded rationality, leading to

second-order satisficing choices rather than first-order Pareto-maximizing conditions.12 As such,
satisficing behavior does not constitute evidence of market failure.

Bounded rationality involves three types of limitations: 1. Limits on the knowledge that an

agent has regarding the environment; 2. Limits on an agent’s ability to envision what the future
may hold; 3. Limits on an agent’s ability to calculate optimal strategies to respond to a complex
decision environment. Asymmetric information is embodied in the first. Incomplete contracts

define the second and the third.  All contracts embody both explicit and implicit elements.
Because no agent has perfect foresight and because the marginal transactions cost of perfect
foresight approach infinity, effective execution and monitoring of contracts relies in the last

instance on implicit rules.  For this reason, most agents prefer to rely on contracts with limited
commitment about the future, and to execute complex decisions through sequential actions,
relying on the outcome of one stage to redefine the level of knowledge for the next, much as is

suggested in Bayesian rather than in classical distribution theory.

The above framework holds true not just in a static decision environment. It holds as well for

asset price fluctuations. If information is limited and agents are information bound in sequential
decision-time, then asset price fluctuations can be considered rational (Garber, Woodward).13

As long as risk is symmetric, there is no a priori reason for public sector intervention in the
allocation of resources to achieve a Pareto efficient allocation of resources. The problem is that
imperfect information rarely is symmetric, and it is at this level that the case for public sector

intervention becomes relevant. Moreover, we can use asymmetric information to evaluate
standard arguments involving the extent of market versus government failure.

The Role of Risk in Public Sector Economic Functions
Standard arguments for public sector intervention can be grouped under five basic

functions14. They are: 1. Rules for an orderly operation of markets; 2. Intervention in support of
an efficient allocation of resources; 3. Intervention in support of an equitable distribution of
income; 4. Fiscal and monetary policies to achieve macroeconomic stabilization and economic

growth; and 5. Taxes and subsidies to promote an efficient composition of production in the
presence of externalities. We contend that each function depends on the nature of risk and on the
institutions for its efficient pricing. Historical arguments invoking these functions typically have
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not provided explicit measures of risk, which have made problematic the question of

accountability and efficiency.

The first function relies on public sector rules that define the level and allocation of property
rights. It includes the economics of contracts in general (Salanié, 1997), and in particular the
assignment of rights and responsibilities for issues such as patent protection and product liability

under different economic structures such as corporations, partnerships, and proprietorships15. The
literature on this function is extensive, and covers the limits of contracts in the presence of
asymmetric information, notably the presence of adverse selection and moral hazard16. The

literature shows generally that where search costs are significant, asymmetric information is
likely to lead to market failure.  Regulation regarding disclosure may result in achieving Pareto-
equivalent economic efficiency, but rarely are the costs of regulation measured against the

perceived level of benefits.  Moreover, as transaction costs fall, regulatory standards often fail to
take into account the reputational consequences of mis-priced resources17.  Even where risk
assessments are undertaken to assess the role of regulation, little distinction is given to the

normality or abnormality of the underlying probability distributions.

One difficulty with regulatory standards is that the level and distribution of information can

change over time, thus leading to regulatory inefficiency.  Where transaction costs are falling
(and transparency is increasing), there is a reduced need for regulation. Regulatory processes
often are slow to adapt to new information, in which case, continued regulation causes deviations

from a Pareto-equivalent outcome.18. Finally, there is a trade-off between transparency that
would lead to a reduction in information asymmetry and economic efficiency (Bordignon and
Minelli, 2000)19. Simply put, the relationship between transparency and efficiency may be

quadratic rather than inversely linear.  Up to a point, regulation may provide Pareto-increasing
equilibria, after which increasing deviations will occur.

Promoting competition, the second public sector function, focuses on the extent of imperfect
competition in the presence or absence of economies of scale and/or scope20. While the tools put

forth to promote competition, e.g. antitrust, regulation, taxes and subsidies, and public
ownership, are extensive, they evolved in an environment in which transactions costs and the
role of risk were not taken into consideration. Building on the framework of transaction costs

developed by Coase (1937) and Williamson (1975), Tirole (1988) offers a more contemporary
synthesis21. The modern theory characterizes firms as institutions that pursue the efficient
allocation of resources under the constraint of incomplete contracts. This literature on market

structure uses the foundation of transaction costs and demand to determine the number of firms,
implying that quasi-economic efficiency will be achieved under a variety of market structures,
depending on the internal and external transactions costs.
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One basic finding of the literature is that government intervention built on principles of

antitrust, regulation, taxes and subsidies, and/or public ownership will be inefficient in that it
fails to take into account the role of transactions costs. Since risk is a transaction cost, as long as
it is symmetrically distributed, the presence of imperfect competition per se, as measured by

traditional indices of market power, does not constitute economic inefficiency. Moreover, the
presence of imperfect information also may be a key characteristic to the innovation of firms and
for which economic rates of return are justifiable, as Schumpeter (1912) long ago argued22.

However, where information is imperfect and asymmetrically distributed and where transaction
costs are relatively high, then the case for public sector intervention may be more compelling.
Equally important, it may not depend on a given degree of market concentration, a conclusion at

odds with conventional notions of monopoly23.

The question of the optimal distribution of income illustrates more directly attitudes toward

risk. At any given moment, the prevailing distribution of income (and wealth) is a function of
some combination of skill and chance, and which may be reinforced or undermined by prevailing
public policy as it applies to taxation and re-distributive spending. Absent a compelling case that

imperfect competition is the principal cause of income inequality, a useful way of looking at the
role of government in affecting the distribution of income is that in the aggregate, individuals
display a higher degree of risk aversion than they do on an individual basis. Whether the

distribution of income and wealth can be fairly characterized as a public good (Thurow, 1971),
or whether it simply reflects differences in individual versus aggregate preferences is a question
that economics may not be capable of resolving, as Bergson (1938) and Samuelson (1938) long

ago pointed out24. What is known is that extremes of economic equality and economic inequality
may impose social costs such as reduced rates of economic growth.

One approach to the question of optimal income distribution is to derive a model that
explicitly incorporates the social aversion to risk. Drawing on the work of Pratt (1964), Atkinson

(1970) proposed a model of income distribution in which society’s rate of inequality preference
could be modeled explicitly as a function of underlying attitudes toward risk25. Atkinson’s
formulation leaves open the question of the optimal degree of income inequality, though others,

notably Rawls (1971) and Sen (1973) have offered philosophic reasons for reducing existing
levels26. As we have noted, a Pareto optimal allocation of resources can be achieved under a
variety of distributions. The question thus becomes one of individual and social degrees of

aversion toward risk and the conditions that give rise to it. It also depends on the underlying
social structure and sense of community interdependence. If an individual’s utility depends
directly not just on the own-consumption of goods but also directly on the consumption of other



- 10 -

individuals, whether public sector intervention may be needed to achieve a socially optimal

distribution may be problematic.

The fourth function, public sector intervention to achieve stabilization and economic growth,
embodies again underlying attitudes toward risk. Until recently, most discussions of economic

stabilization focused on the respective roles of fiscal and monetary policy (Keynes, 1936;
Friedman, 1956)27. However, once risk is taken into consideration, one can apply the notion of
rational expectations (Muth, 1961; Lucas, 1972; Sargent, 1975), to formulate quasi-efficient

outcomes28. Whether public sector intervention is efficient depends on the dynamic problem of
measuring the benefits of reductions in fluctuations against the costs of public sector monetary
and/or fiscal policy intervention through reduced levels of output over time.

At this macroeconomic level, the search has been for transparent rules that over time
minimize instabilities of inflation and unemployment consistent with an economy’s underlying

potential rate of growth. Some (Friedman, 1960; Brunner, 1968; Lucas, 1980) have suggested a
simple long-term money supply growth rule, compensating where necessary, for the offsetting
effects of fiscal policy, to minimize the inflation-unemployment rate instability pattern. Where

the debate between monetary versus fiscal policy was once highly joined, in more recent years,
the trend has been to shift toward a greater reliance on monetary policy to achieve economic
stability, leaving fiscal policy with greater emphasis on the questions of income distribution and

externalities.

Even as most countries settle on some form of monetary growth rules to achieve economic
stabilization, this leaves open is the extent to which public sector intervention is warranted in
terms of an economy’s rate of innovation.  Here the question is whether market-driven

investment, which by definition embodies a degree of risk about the future, can be efficient.
Dixit and Pindyck (1994) suggest that as long as financial option contracts are available, firm’s
can shape investment decisions at least as efficiently as any degree of government intervention29.

At a more macroeconomic level, Aghion and Howitt (1998) develop models of growth in which
Schumpeterian uncertainty plays a role in the determination of rates of investment and growth30.
What often is missing is how to establish suitable market institutions such as financial options

contracts that can more efficiently fulfill the allocation of resources over time in comparison to
traditional tools such as price controls or targeted and non-targeted subsidies. Unless one can
make a credible case that state agents have more information than market agents do, then

fluctuations in output and asset values may still be Pareto-superior to public sector intervention.

The fifth and final function, the use of taxes and subsidies to promote an efficient
composition of markets, reflects the classic problem of externalities and public goods.  Here,
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markets may be incomplete in that the costs and benefits are not fully embodied in market prices

such that there will be a socially optimal under or over-supply. Negative externalities in the form
of environmental pollution and congestion typically have been addressed with both regulation
and taxes.  However, growing awareness of the stochastic nature of these externalities has given

rise to the use of market tradable pollution permits, which provides decentralized flexible
arrangements to evaluate and re-allocate them to achieve a socially efficient outcome.

On the opposite side is the question of positive externalities in the form of quasi-public and

pure public goods.  Here again, we can invoke the role of risk. For quasi-public goods such as
health and education, the standard argument is that only through public sector intervention can
the external benefits be internalized.  In our view, how individuals perceive the level of risk

shapes the response to the production of quasi-public goods. If agents are highly risk averse, then
they will be less likely to engage in the production of public goods through market institutions,
and prefer instead that they be provided by public sector intervention. In contrast, if agents are

less risk averse, then they are willing to take on the risk of loss through positive externalities in
exchange for the expected positive direct benefits that they expect to receive.  While we do not
claim that risk assumes away the problem of externalities, we contend that it governs it to a

larger degree than is commonly assumed.

International Comparisons on Public-Private Sector Dynamics
Thus far, few studies examine the role of risk in the determination of optimal state-market

relations.  In practice, international financial markets regularly are forced to incorporate some
measure of risk in the determination of contingent and future claims, but decomposition of the
underlying probability distributions typically has not been undertaken and the question of

aggregation is problematic. With these limitations in mind, we seek here to provide some
indication of the various linkages thus far identified, and what this implies for state-market
relations.

At the aggregate level, we first use a country composite risk index developed by Morgan
Stanley to examine cross-section evidence on risk, using the World Bank database. A country

composite risk index represents a weighted average of political, economic, and financial risk for
each country. Unfortunately, weighting is not consistent across countries, and so this index is at
best a proxy for some of the relationships we seek to examine.
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Figure 2

Country Composite Risk and PPP PC GNP
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Figure 2 illustrates the basic inverse relationship between country composite risk and per
capita income for a sample of 96 countries31. The question is why are some countries above or

below the estimated relationship and does government intervention have anything to do with
reductions in the level and distribution of risk as it affects transaction costs and efficient prices.
In our view, for a given level of income, risk will be less the greater is the degree of flexibility in

the formation of prices and the stronger is an economy’s property rights regime.

Using the Heritage Foundation Index of Economic Freedom, we draw on a series of variables
to explain country composite risk adjusted for a country’s PPP per capita GNP.  Basic
correlations are summarized in Table 1.

Table 1
Determinants of Country Composite Risk

1998 PPP 1996 Country Government Property Currency Price Contract Confiscation Judicial Capital Trade
Per Capita Composite Regulation Rights Convertibility Control Risk Risk Independence Freedom Share

GNP Risk Index Index Index Index Index Index Index Index Index of GDP

1998 PPP PC GNP 1.0000
1996 Composite Risk -0.8113 1.0000

Govt.Regulation Index -0.4723 0.4475 1.0000
Property Rights Index 0.6949 -0.8626 -0.3726 1.0000

Currency Convertibility 0.5910 -0.6047 -0.6654 0.4981 1.0000
Price Control Index -0.5799 0.5036 0.7995 -0.4606 -0.5713 1.0000

Contract Risk Index -0.6319 0.8091 0.3510 -0.9316 -0.5012 0.4179 1.0000
Confiscation Risk Index -0.5048 0.7216 0.3255 -0.8610 -0.4182 0.3778 0.8373 1.0000
Judicial Independence 0.6029 -0.6505 -0.2461 0.7374 0.3307 -0.3615 -0.5504 -0.3705 1.0000
Capital Freedom Index 0.6479 -0.6623 -0.7405 0.5003 0.7523 -0.6275 -0.4899 -0.3995 0.3621 1.0000

Trade Share of GDP 0.2818 -0.3133 -0.1902 0.1779 0.1927 -0.0919 -0.1609 -0.1356 0.1629 0.2768 1.0000

Source:  The World Bank, World Development Report 2000; The Heritage Foundation, 2000 Report on Economic Freedom.
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Granger causality tests were used to test for exogeneity of variables.  Single equation

estimates were done separately for country risk and property rights, where property rights serves
as an independent variable in the country risk equation. Three variables, the government
regulation index, the price control index, and the capital freedom index, explained little of the

variation in either a country risk or the property rights equation, and were dropped from the final
estimates.  As each represents a synthetic rather than an observed variable, there may be errors in
specification aggregation, or multicollinearity across variables.  Equation A uses the predicted

value of property rights from equation B to estimate overall country risk. When risk is explicitly
taken into account, equations A and B confirm the underlying relationships we have examined
and underscore the need for proper sequencing of institutional reforms in transition and

developing economies

Table 2
Regression Results for Country Risk and Property Rights

A. B.
Country Risk Property Rights

Intercept 6 5 . 6 9 8 5 Intercept 6 . 5 9 3 2

Property Rights -3 .6850 Judicial Independence 0 . 3 4 8 0
(13.1812) (22.0700)

Currency Convertibility -1 .0419 Confiscation Risk -0 .3211
(4.1033) (14.8931)

Trade Dependency -0 .0699 Contract Repudiation Risk -0 .3313
(2.9129) (14.1854)

n 96 n 96
Adjusted R2

0.7943 Adjusted R2
0.9819

F 118.431 F 1722.5228
DW 1.8324 DW 2.0836

Implications and Conclusion
With the collapse of the Soviet Union in 1991, economic reform in developing and emerging

market economies placed growing emphasis on a shift away from public sector intervention to
greater emphasis on markets.  The tools of this shift included a deregulation of output and input
prices, capital market liberalization, foreign exchange convertibility, lower marginal tax rates,

alongwith substantial efforts to privatize state-owned enterprises.  While market liberalization
did bring about success in some countries, it fell short in others.  We find that the shift to market
prices succeeds where civil society institutions can help in the formation of economically

efficient prices that reflect the underlying degree of risk.  Where property rights are weak, prices
will fail to capture the underlying level and distribution of risk, which in turn leads to a mis-
allocation of resources that reduces the rate of economic growth.  While developed economies
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already have put into place effective institutions for the specification and allocation of property

rights, until developing and emerging economies can institute similar reforms, the shift to
market-driven reforms is likely to fall short of expectations.
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Appendix 1
Conditions for a Competitive General Equilibrium

Given two inputs, two firms, and two individuals, achievement of a competitive general
equilibrium in the absence of transactions costs, economies of scale or scope, and complete
contracts, we specify the following for the production of two goods, X and Y:

(1.) X = f(Kx ,L x ) , the production function of good X

(2.) Y = f ( Ky ,L y ) , the production function of good Y

(3.) L = Lx + Ly, the allocation constraint of resource L

(4.) K = Lx + Ly , the allocation constraint of resource K

Given the above, the object is to maximize total output subject to the respective production
functions and resource constraints.  The corresponding Lagrangean expression is:
(5.) Z = f Kx , Lx( ) + λ Y − f L − Lx, K − Kx( )[ ] .  The respective first-order conditions are:

(6.) ∂Z

∂Kx

=
∂X

∂Kx

+ λ
∂Y

∂Kx

= 0 ,

(7.) ∂Z

∂Lx

=
∂X

∂Lx

+ λ
∂Y

∂Lx

= 0 .  In turn, these expressions can be further reduced to:

(8.) ∂K ∂Kx

∂Y ∂Kx

= − λ =
∂X ∂Lx

∂Y ∂Lx

, and which in turn, is equal to:

(9.) MRTSkl
Y =

MPl
Y

MPk
Y =

∂Y ∂Lx

∂Y ∂Kx

=
∂X ∂Lx

∂X ∂Ky

=
MPl

X

MPk
X = MRTSkl

X , where MP is the respective marginal

product.
Beyond production, the equilibrium of consumers is defined by:

(10.) UA = f ( X , Y )

(11.) UB = f ( X , Y ), where X and Y are outputs as above.  The corresponding Lagrangean
function is:

(12.) L = f XA , YA( ) + λ U B − f XB ,Y B( )[ ] .  The corresponding first-order conditions are:

(13.) ∂L

∂X
=

∂UA

∂XA − λ
∂UB

∂XB = 0

(14.) ∂L

∂Y
=

∂UA

∂YA − λ
∂UB

∂YB = 0 , which reduces to:

(15.) MUX
A

MUX
B =

∂UA ∂XA

∂UA ∂YA = λ =
∂UB ∂XB

∂UB ∂YB =
MUX

B

MUY
B = MRSxy

B , where MU is the corresponding marginal

utility.

In terms of the production possibilities frontier, selection of any point on the frontier requires

that:
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(16.) Q = f ( X , Y )= f XA + XB ,YA + YB( ) = 0, such that:

(17.) ∂T

∂X
dX +

∂T

∂Y
dY = 0 , and

(18.) dY

dX
= −

∂T ∂X

∂T ∂Y
= MRTxy.  This is now added to equation (12.) to yield:

(19.) L = f XA ,Y A( ) + λ U B − f XB ,YB( )[ ]+ u 0 − f ( X , Y )[ ].  The corresponding first-order conditions

are:

(20.) ∂L

∂XA =
∂UA

∂XA − u
∂T

∂X
= 0,

(21.) ∂L

∂YA =
∂UA

∂YA − u
∂T

∂Y
= 0

(22.) ∂L

∂XB = −λ
∂UB

∂XB − u
∂T

∂X
= 0

(23.) ∂L

∂YB = − λ
∂UB

∂YB − u
∂T

∂Y
= 0 .  Re-arranging,

(24.) MRSxy
A =

∂UA ∂XA

∂UA ∂YA =
∂T ∂X

∂T ∂Y

(25.) MRSxy
B =

∂UB ∂XB

∂UB ∂YB =
∂T ∂X

∂T ∂Y
.  Re-arranging further, we have

(26.) MRSxy
A = MRSxy

B = MRTxy .

Further, we specify the utility maximization conditions of the two consumers in terms of the
following Lagrangean:

(27.) L = f ( X , Y )+ λ I − pxX − pyY( ).  Differentiating, we have:

(28.) ∂L

∂X
=

∂U

∂X
− λpx = 0,

(29.) ∂L

∂Y
=

∂U

∂Y
− λpy = 0.  This further reduces to the standard optimization conditions:

(30.) MUx

px

=
∂U ∂X

px

= λ =
∂U ∂Y

py

=
MUy

py

, and

(31.) MRSxy =
MUx

MUy

=
∂U ∂X

∂U ∂Y
= −

px

py

.

Finally, efficiency requires that the relative factor price ratio also be equal to the marginal
rate of substitution in consumption, to the marginal rate of transformation, and to the marginal

rate of technical substitution.  This condition can be expressed as:

(32.)  MUx

MUy

= MRSxy =
px

py

=
MCx

MCy

= MRTxy
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Appendix 2
Alternative Probability Distributions and Economic Efficiency

Consider two individuals, A and B, within the framework of general equilibrium, and in
which there are no joint probability distributions.  In a world of perfect certainty, each individual
makes choices within a universe of perfect certainty.  This is equivalent to the distributions

portrayed in Figure 1, with the expected value of an asset identical to all agents, and in which the
probability is 1 with a standard deviation of zero.

Figure 1

Certainty Distribution Across Agents
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This is the framework implied for the framework outlined in Appendix 1. All agents face
certainty outcomes and Pareto-efficient prices.  No public intervention is warranted.

Now consider a universe in which risk is present.  As long as the distribution of risk is

normal and homogeneous across agents, relative prices will again be Pareto efficient.  This is the
case of competitive general equilibrium in the presence of risk as portrayed in the Arrow-
Debreu-MacKenzie framework.  Continuous normal distributions are homogeneous across

agents and prices, as shown in Figure 2. As long as the distribution of risk across agents is
homogeneous and the number of contracts equals the number of contingent events in space and
time, no public intervention is warranted.
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Figure 2

Homogeneous Continuous Normal Distribution 
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Now consider a universe in which there is certainty at the level of each agent, but that the

distribution of information across agents is asymmetric, as is shown in Figure 3.  In this case, the
higher valuation in distribution B relative to distribution A will lead to an inefficient allocation
of resources.

Figure 3

Asymmetric Information Under Certainty
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While asymmetric information across agents with individual certainty is possible, it is more

likely that there will be an uncertain probability distribution for each agent, A and B, as is shown
in Figure 4.  Here the expected value for agent B exceeds that of agent A, in which case the
resulting market price will be inefficient.  This can be thought of in the context of Akerlof’s
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(1970) market for lemons problem of imperfect information, in which agent B places a higher
value on an asset than agent A.

Figure 4

Hetero-Mean Iso-Normal Distributions
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Asymmetry of information across agents is the most likely reason for market prices to be
inefficient.  However, there is an additional problem.  In figure 5, two agents may assign
different values to an asset based on different perceptions of the underlying probability

distribution.  Distribution A corresponds to a normal distribution, while distribution B is
leptokurtotic. If zero probability values are excluded, then distribution B clearly is less risky than
distribution A.  In most risk management models, the assumption of normality in the underlying

probability distribution rules out kurtosis although this may lead to a mis-allocation of resources.
An example is the case of the dynamic hedging option pricing model of Merton and Scholes that
led to the collapse of Long Term Capital Management in 1998.  The underlying probability

distribution was assumed to be normally distributed, when in fact the tails of the distribution
contained higher probabilities than were allowed in their model.
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Figure 5

Iso-Mean Heterokurtotic Distributions
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Market prices can be further distorted in the presence of both kurtosis and differences in the
expected values of the underlying probability distributions, as is shown in Figure 6.  This extends

the asymmetric framework illustrated in Figure 4.

Figure 6

Heterokurtotic Hetero-Mean Distributions
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Finally, we come to the cases of right and left skews in the underlying distributions of
individual agents, as is shown in Figure 7 and 8.  When we combine skewness, kurtosis, and

asymmetric information, prices will deviate substantially from the Pareto-efficient level.
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Figure 7

Right-Skewed Distribution
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Figure 8

Left-Skewed Distribution
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Whether public sector intervention is warranted depends on the costs of correcting for
deviations in the underlying probability distributions, and on the consistency of preferences
across agents over time.
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