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Static Optimization
Optimization means the best use of a given stock of

resources to achieve a given end.  “Best” use
generally means the maximization, or most
efficient use, of resources, independent of other
welfare criteria such as distributive justice.

Static optimization means maximizing some objective
function subject to a given set of constraints.  The
constraints enable us to then redefine the
optimization problem using a Lagrangian
formulation.  By taking the respective partial
derivatives of the function and setting them equal
to zero, we obtain the optimal solution.

Consider, for example, a Cobb-Douglas production
function of the form:

 1.                               where:

X2 and X3 represent the quantity of inputs,
A represents the level of technology

           and α and β represent the respective output
           elasticities.



Static Optimization- 1
Reformulation of the function in terms of natural logarithms

enables one to test directly for the respective output
elasticities, providing a general conclusion on the
presence or absence of economies of scale, a
common question regarding the structure of a given
industry in terms of the level of concentration.
However, our concern here is: once we have the
general parameter estimates from a given Cobb-
Douglas production function, how can we derive
and validate the optimal input combinations
consistent with the underlying principle of technical
economic efficiency.

Consider, for example, the following production function:

 2.     Q = 1.00(X2
.20 X3

.80)

subject to:  $10X2 + $10X3 = $200
           where $10 = the unit price of X2, and
           $10 = the price of X3, and
           $100 is the firm’s variable input budget constraint.

The corresponding Lagrangian function to be maximized
is:

3. Max L = 1.00(X2
.20X3

.80)+Λ(10X2+10X3-200).



Static Optimization- 2
Take the first partial derivatives and set them equal to zero:

4. δL/δX2 = .20X2
-.80X3

.80+Λ10=0

5. δL/δX3 = .80X2.20 X3 
-.20+ Λ10=0

6. δL/δΛ = 10X2+10X3 - 200 = 0

After setting equations 4 and 5 equal to lambda we get the
following:

7.  .02(X2
-.80X3

.80) = .08(X2.20X3
-.20)

We now multiply both sides by a simplifying expression to
eliminate one unknown:

 8. (X2
.80 X3

.20).02(X2
-.80 X3

.80)=(X2
.80 X3

.20)(.08X2
.20

 X3
-.20)

Simplifying, we have:

8.a  .02X3 = .08X2, or X3 = 4.00X2

Substituting this optimal input ratio into the budget constraint
enables us to obtain

9. 10.00X2 + (10.00)(4.00)X2 = 200, thus 50X2 = 200,

and X2 = 4.00.
Substituting this value into the budget constraint now enables us to

solve for the optimal quantity of X3 = 16.00.
Total expenditures now are verified as:

(10.00)(4.00)   =   $40.00
(10.00)(16.00) = $160.00

                                      $200.00



Static Optimization - 3
We now derive the corresponding marginal products from the

respective input combinations and divide their respective values to
verify that the firm has achieved technical efficiency:

10. δL/δX2 = .20(4.00)-.80(16.00).80  = .6063

11. δL/δX3 = .80(4.00).20(16.00)-.20  = .6063

We now divide each marginal product by its corresponding
input price to obtain:

12. (δL/δX2)/(PX2) =   (.6063)/(10.00) = .06063
13. (δL/δX3)/(PX3) =  (.6063)/(10.00) = .06063

The diagrammatic equilibrium is shown below, where the
budget constraint is tangent to the underlying isoquant.

If one of the above inputs represents a natural resource, the
corresponding equilibrium only defines the technical efficiency
of the firm, not whether the pricing of the natural resource is
consistent with a present value optimization, or, in the case of
a renewable natural resource, consistent with an
environmentally sustainable market equilibrium.



Static Optimization with Natural Resources
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Comparative Statics - Basic Market Dynamics

Under competitive market conditions, the number of firms is
determined by the underlying rate of return, which in the following
case, is given as the rate of return on sales (other measures
include the rate of return on equity, the rate of return on invested
capital, and the rate of return on assets).  As long as the economic
rate of return on sales (ERRS) is positive, this means that the
accounting rate of return exceeds the opportunity cost of capital,
and firms will enter the market accordingly.

This process will continue up to the point where all existing firms in
a market earn only normal profits, I.e., the economic rate of return
on sales is zero, and the accounting rates of return on sales
(ARRS) is equal to the opportunity cost of capital.  At this point,
firms will have achieved a steady-state economic equilibrium, I.e.
there is no incentive for firms to enter or leave an industry.  This
will persist until some perturbation, such as technical change, or a
change in product demand, changes the underlying market
dynamics.

In such market dynamics, no consideration is given to the effect of
the number of firms on the environment.  If the economic rate of
return is positive, entering firms will accelerate the rate of
consumption of natural resources, and this may not be a
sustainable steady-state economic and environmental equilibrium.
Thus, there is no guarantee that competitive market prices will
generate both a steady-state economic and a steady-state
environmental equilibrium.
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Comparative Statics - Basic Market Dynamics - 2

If market prices fail to achieve both an economic and environmentally
efficient solution, one alternative is to consider the use of taxes and
subsidies.  In the example below, we consider the use of tradable permits
as a function of the underlying environmental carrying capacity of a given
space. Note that the use of taxes and subsidies may not satisfy the
conditions for a welfare equilibrium in that no consideration has been given
the efficiency, effectiveness, fairness, and simplicity in the use of taxes and
subsidies on all agents.


