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TRANSCENDENTAL LOGARITHMIC
PRODUCTION FRONTIERS

Laurits R. Christensen, Dale W. Jorgenson and Lawrence J. Lau

I Introduction

DDITIVE and homogeneous production
possibility frontiers have played an im-
portant role in formulating statistical tests of
the theory of production. In section II we
characterize the class of production possibility
frontiers that are homogeneous and additive.
This class coincides with the class of frontiers
with constant elasticities of substitution. Con-
stancy of the elasticity of substitution has
proved to be a fruitful point of departure for
the analysis of production with one output and
two factors of production, as in the pioneering
study of capital-labor substitution by Arrow,
Chenery, Minhas, and Solow.! For more than
one product or more than two factors of pro-
duction, constancy of elasticities of substitution
and transformation is highly restrictive, as
Uzawa and McFadden have demonstrated.”
Our first objective is to develop tests of the
theory of production that do not employ addi-
tivity and homogeneity as part of the main-
tained hypothesis. For this purpose we intro-
duce new representations of the production
possibility frontier in section III. Our ap-
proach is to represent the production frontier
by functions that are quadratic in the log-
arithms of the quantities of inputs and outputs.
These functions provide a local second-order
approximation to any production frontier. The
resulting frontiers permit a greater variety of

Received for publication April 15, 1972. Revision ac-
cepted for publication October 25, 1972.

* A preliminary version of this paper was presented at
the Second World Congress of the Econometric Society,
Cambridge, England, September 12, 1970.

The authors are grateful to Ernst Berndt, Victoria
Farrell, and Gary Robbins for assistance with the research,
and to Michael Denny, Erwin Diewert, Franklin Fisher,
W. M. Gorman, Leif Johansen, and Daniel McFadden for
comments. Financial support for this research was provided
by the National Science Foundation through grants to
Harvard University, Stanford University, and the Uni-
versity of Wisconsin.

*See Arrow, Chenery, Minhas, and Solow (1961). A
review of the literature on capital-labor substitution is
given by Jorgenson (1972).

®See Uzawa (1962) and McFadden (1963).
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substitution and transformation patterns than
frontiers based on constant elasticities of sub-
stitution and transformation.?

A complete model of production includes the
production possibility frontier and necessary
conditions for producer equilibrium. Under
constant returns to scale this model implies the
existence of a price possibility frontier, defin-
ing the set of prices consistent with zero
profits.* Necessary conditions for producer
equilibrium, giving relative prices as a function
of relative product and factor intensities, imply
the existence of conditions determining relative
product and factor intensities as a function of
relative prices. The price possibility frontier
and the conditions determining product and
factor intensities are dual to the production pos-
sibility frontier and the necessary conditions
for producer equilibrium.’

Our second objective is to exploit the duality
between prices and quantities in the theory of
production. Our approach is to represent the
price possibility frontier by functions that are
quadratic in the logarithms of prices, parallel-
ing our treatment of the production possibility
frontier. These functions provide a local
second-order approximation to any price fron-
tier. The duality between direct and indirect
utility functions employed in Houthakker’s
pathbreaking studies of consumer demand is
analogous to the duality between production
and price frontiers employed in our study of
production.®

We refer to our representation of the pro-
duction possibility frontier as the transcen-

3 An alternative representation that also permits a variety
of substitution and transformation patterns is the “general-
ized Leontief” production possibility frontier proposed by
Diewert (1971, 1973).

* The price possibility frontier was introduced by Samuel-
son (1953). For a single output and many inputs, Samuel-
son referred to the price possibility frontier as the factor-
price frontier.

5 Duality between the production and price possibility
frontiers is discussed by Samuelson (1953), pp. 15-20,
Bruno (1969), and Burmeister and Kuga (1970).

% See Houthakker (1960).
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dental logarithmic production possibility fron-
tier or, more simply, the translog production
fromtier. The production possibility frontier is
a transcendental function of the logarithms of
its arguments, the quantities of net outputs.
Similarly, we refer to our representation of the
price possibility frontier as the transcendental
logarithmic price possibility frontier or, more
simply, the translog price frontier.” For many
of the production and price frontiers employed
in econometric studies of production the trans-
log frontiers provide accurate global approxi-
mations.® The accuracy of the approximation
must be determined separately for each appli-
cation. 4

We present statistical tests of the theory of
production in section IV. These tests can be
divided into two groups. First, we test re-
strictions on the parameters of the translog pro-
duction frontier implied by the theory of pro-
duction. We test these restrictions without
imposing the assumptions of additivity and
homogeneity. We test precisely analogous re-
strictions on the parameters of the translog
price frontier. Second, we test restrictions on
the translog production frontier corresponding
to restrictions on the form of the frontier. In
particular, we test restrictions on the form of
technical change and restrictions implied by the
assumption of additivity. Again, we test pre-
cisely analogous restrictions on the translog
price frontier.

We present empirical tests of the theory of

"The translog production and price possibility frontiers
were introduced by Christensen, Jorgenson, and Lau
(1971) ; independently, Griliches and Ringstad (1971) and
Sargan (1971) proposed a special case of the translog
production frontier, the translog production function. The
translog production function of Griliches and Ringstad
and Sargan has only. a single output.

®Kmenta (1967) employed a special case of the translog
production function to approximate the constant elasticity
of substitution (CES) production function of Arrow,
Chenery, Minhas, and Solow (1961). His approximation is
in the space of parameters rather than the space of vari-
ables.- An approximation to the CES production function
that is quadratic in the logarithms of the variables is identi-
cal to Kmenta’s-approximation. See below, section IV, 5.

Kmenta’s approximation to the CES production function,
considered as a production function in its own right, is
a homogeneous translog production function. Similarly,
the log-quadratic production function proposed by Chu,
Aigner, and Frankel (1970) can be regarded as a com-
modity-wise additive but not homogeneous translog pro-
duction function.

production, based on time series data for the
United States private domestic economy for
1929-1969 in section V. The data include
prices and quantities of investment and con-
sumption goods output and labor and capital
services input and an index of total factor pro-
ductivity. For these data we present direct
tests of the theory of production, based on the
translog production frontier, and indirect tests
of the theory, based on the translog price
frontier. For both direct and indirect tests our
empirical results are consistent with a very ex-
tensive set of restrictions implied by the theory
of production. Proceeding conditionally on the
validity of the theory of production, our empiri-
cal results are inconsistent with restrictions on
the form of the production frontier implied by
the assumption of additivity.

IT Additivity and Homogeneity

1) Introduction

Our purpose in this section is to derive the
implications of additivity and homogeneity for
the representation of the production possibility
frontier. The class of additive and homoge-
neous production possibility frontiers coincides
with the class of frontiers with constant elasti-
cities of substitution and transformation. We

first represent the production possibility
frontier in the form:
F(yh Y2 .o .. yn,) = 0, (1)

where y; (i =1, 2 . . . n) represents the net
output of the 7" commodity.

The necessary conditions for producer equili-
brium take the form of equalities between price
ratios and marginal rates of transformation
between the corresponding pair of commodi-
ties:

oF

g9 OV S e e

o - oF (i4j; 4,j=1,2...n), (2)
0Yj

where ¢; (1 = 1,2 . .
of the " commodity.

. n) represents the price

2) Commodity-wise Additivity

The production possibility frontier is char-
acterized by constant returns to scale if and
only if:
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F()\yl,)\yrz e o /\yn) =

F(y1,y2 . - . ) =0, (3)
for any A > 0. We refer to production possibil-
ity frontiers satisfying this condition as komo-
geneous. The production possibility frontier is
commodity-wise additive if and only if the
frontier can be represented in the form:

F(y1,%2 - - . ¥n) = F'(y1) + F*(32)

+--~+F”(3’n)=0; (4)
where the functions [F?} are strictly monotone
and depend on only a single variable.’

The production possibility frontier is homo-
geneous and commodity-wise additive if and
only if the frontier can be represented in the
form:

F'(\w1) + F*(Ay2) + - .

+ Fr(Aya) = F*(y1) + F*(32)

+.. .+ F () =0 ()
But the frontier satisfies this condition if and
only if:

(1) The functions [F’} are homogeneous of

the same degree, or:

(2) The functions [F?} are logarithmic.'

Any homogeneous function of one variable
can be represented in the form:

Fi(y:) = (sgn i) ai|yil* (6)
where p is the degree of homogeneity and a; >
0. If the functions [F?] are homogeneous of the
same degree, the production possibility frontier
can be represented in the form:

F(y1,92. . - yn) = (sgny1) a1|y1|
+ (sgn y2) az|yal? + . . .
+ (sgn yn) anlyn|p =0, (7)
where:

(sgny;) a; + (sgnys) as + . . .
+ (sgn yn) @n = 0.
For this frontier to have the proper curvature
there can be only one output (p < 1) or only
one input (p > 1), unless all net outputs are
perfect substitutes (p = 1). For only one out-
put the frontier is characterized by constant
elasticities of substitution between inputs; for

°The concept of commodity-wise additivity is the same
as the concept of additive or strong separability employed
by Goldman and Uzawa (1964).

1 This proposition was first derived in the theory of
consumer behavior by Bergson (1936); Samuelson (1965)
pointed out the second part of the proposition. Similar re-
sults had been obtained earlier in the literature on mean
value functions; see Hardy, Littlewood, and Polya (1959),
pp. 65-69, and the references given there.

one input the frontier has constant elasticities
of transformation between outputs.'
Alternatively, if the functions {F‘] are log-
arithmic,
Fi(y:;) = (sgn i) ailn|yi,

(=1,2 ... mn),

8
where ¢, >0 (=2 ... n), as before. The
production possibility frontier can be repre-
sented in the form:

F(y, 2 . . . ¥a) = (sgny1) ar In|y|
+ (sgnye)ae In|ys| + . . .
+ (sgn ya) @, In|y,| = 0,
9
where:

(sgny1) a3 + (sgnyz) az + . . .
+ (Sgn yn) a, = O)

as before. For this frontier to have proper
curvature there is only one output; ** the elasti-
city of substitution between inputs is constant
and equal to unity. We conclude that a com-
modity-wise additive and homogeneous pro-
duction possibility frontier is unsuitable for
representation of production possibilities with
several outputs and several inputs.

3) Group-wise Additivity

As an extension of our characterization of a
production possibility frontier with constant
returns to scale, we introduce the concept of
additivity in commodity groups. The produc-
tion possibility frontier is group-wise additive
in m mutually exclusive and exhaustive com-
modity groups if and only if the frontier can be
represented in the form:

F(ynya. . .9 =Fl(y1...om)
+ FZ (yn1+1 .« . -yn1+n2)
+ .. .—+—F”‘(ynl+n2+...nm +1

1

.. -yn1+n2+... +n )= 07 (10)

where 3, = n, the number of commodities.
For commodity-wise additivity each group con-
sists of a single commodity and the number of
groups is the same as the number of commodi-
ties.

The production possibility frontier is homo-
geneous and group-wise additive if and only if

“In this representation and those that follow, we as-
sume that dimensions of the net outputs are chosen so that
the coefficients {(sgn y:)a:} sum to zero.

1 See Mundlak (1964).
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(1) The functions [Fi] are homogeneous of

the same degree, or

(2) The functions [Fi] are logarithmic func-

tions of functions homogeneous of de-
gree one.

If the functions [Fi] are homogeneous of
the same degree, the production possibility
frontier can be represented in the form:

F(y1,92. . .¥) = (sgn G*) a|G'|r

+ (sgn G*) a|G*|P 4. . .
+ (sgn G™) a,,|G™|» = 0.
(11)
Alternatively, if the functions [Fi] are log-
arithmic, the production possibility frontier can
be represented in the form:
F(y5,2. . .9m) = (sgn G*) a; In|GY|
+ (sgn G*) @z In|G*| + . . .
+ (sgn G™) @, In|G™| = 0.
(12)
In both representations the functions
LG Wntmy + o g a1+ o Vmgt - - +n)1

are homogeneous of degree one, ¢; > 0 (i = 1,
2...m), and:
(sgnG*) a; + (sgn G as + . . .
+ (sgn G™) a,, = 0.

A homogeneous and group-wise additive pro-
duction possibility frontier has only one group
of outputs (logarithmic or homogeneous with
p < 1) or only one group of inputs (p > 1),
unless the commodity groups are perfect sub-
stitutes (p = 1). In any case the production
possibility frontier is additive in inputs and in
outputs, considered as commodity groups. We
conclude that any test of the implications of
additivity should begin with a test of additivity
between inputs and outputs.

We have defined additivity for individual
commodities and for commodity groups. We
have obtained explicit representations for pro-
duction possibility frontiers characterized by
homogeneity and commodity-wise or group-
wise additivity. We can extend our character-
ization by defining two-level additivity as group-
wise additivity together with commodity-wise
additivity for each commodity group. Two-
level additivity is not equivalent to commodity-
wise additivity for the production possibility
frontier as a whole. We can further extend our
characterization by extending two-level addi-
tivity to any number of levels. Homogeneity

and multi-level additivity imply that the pro-
duction possibility frontier can be represented
by means of compositions of power functions
and logarithmic functions. To illustrate the
representation of additive and homogeneous
production possibility frontiers we consider the
following examples:

(1) For one output and two inputs a homo-
geneous and commodity-wise additive produc-
tion possibility frontier can be represented in
the form:

y1P = alye|f 4 (1 — a) |ys)e, (13)
where y, is the level of output and [|y,], |vs|1
are the levels of input or, alternatively, in the
form:

Iny; = aln|ys| + (1 — a) In|ys|. (14)
The first representation is the constant elasti-
city of substitution (CES) production function
introduced by Arrow, Chenery, Minhas, and
Solow. The second representation is the Cobb-
Douglas production function; the elasticity of
substitution is constant and equal to unity.!®

(2) For two outputs [y;, ¥} and two inputs
[lys|, |v41, a homogeneous production pos-
sibility frontier that is group-wise additive in
the outputs and inputs, where each group is
commodity-wise additive, can be represented in
the form:

p] p1 l/pl pz
(01" 4+ (1 = a1) 327] ' = [as]ys]
P t/p
+ (1 - 02) |y4| 2] 27 (15)
or, alternatively, in the form:
P e t/p
In a1y '+ (1 —a1) 2] * = az1n [y
+ (1 = @) Infyil. (16)

The first representation has constant elasticity
of transformation (CET) between the two out-
puts and constant elasticity of substitution
(CES) between the two inputs. In the second
the elasticity of substitution is equal to unity.
The CET-CES representation was introduced
by Powell and Gruen.'

(3) For one output y, and four inputs [|y,|,
|9s], [74], [¥5]1 a homogeneous production pos-
sibility frontier that is group-wise additive in
output, the first two inputs {|y,|, |»s|]1 and the
second two inputs [|y,/, |51, where each group

*See Arrow, Chenery, Minhas, and Solow (1961) and
Douglas (1948).
* See Powell and Gruen (1968).
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is commodity-wise additive, can be represented
in the form:
p p

p
¥t = |G+ (1 —a) |G (17)
where:
. LR o 1/po
—G" = [as]ya| "+ (1 — a2) [35] "] 7

3 p3 pa 1/p3
—G" = [as|ys| *+ (1 — a3) [y5] °] %
or, alternatively:

1 1
In |G*| = —é—ln |>2] —i—?ln |ys!;

.1 1
In |G*| = 711] |4 +71n |vs|;

or, finally:

Iny; = a;In |G| + (1 — a1) In |G, (18)
with either form of the functions G*® and G*®
given above. The first representation is the
two-level constant elasticity of substitution pro-
duction function introduced by Sato. The
second representation was introduced by Mec-
Fadden and the third by Uzawa.'®

4) Price Possibility Frontier

Under constant returns to scale the level of
profit associated with any set of prices is either
zero or positively infinite. We define the set of
price possibilities as the set of prices for which
profit is equal to zero. We define the price
possibility frontier as the frontier of the set of
price possibilities. By duality in the theory of
production we can characterize the production
possibility frontier in terms of the price pos-
sibility frontier.'® We first represent the price
possibility frontier in the form:

P(q1,92 - . - qn) =0, (19)
where P is the level of profit associated with the
set of prices {g;].

The price possibility frontier is homoge-
neous, so that:

P (A1, Aq2 . . . Ay) = P (q1,92 - . . qn)

=0 (20)

)

3See Sato (1967), McFadden (1963), and Uzawa
(1962). The relationship between homogeneity and addi-
tivity and constancy of the elasticity of substitution is
discussed in greater detail by Berndt and Christensen
(1973a).

% See the references given above in footnote 5. Duality
in production was first discussed by Hotelling (1932).
Duality is also discussed by Diewert (1973), Gorman
(1968), Jorgenson and Lau (1973), Lau (1972), Mc-
Fadden (1973), and Shephard (1970).

for any A > 0. The production possibility fron-
tier and the necessary conditions for producer
equilibrium are dual to the price possibility
frontier and its derivatives

Yi _oP/og

yi  oP/9dg;

(is4j; 4,j=1,2...m). (21)
Derivatives of the price possibility frontier,
holding the level of profit constant and equal to
zero, are equal to the relative product and fac-
tor intensities.

Under constant returns to scale, if the pro-
duction possibility frontier is commodity-wise
additive, then the price possibility frontier is
commodity-wise additive }” and can be repre-
sented in the form

P (q1,92 - - - @) = P*(q1) + P*(g2)
+.. .+ P(gn) =0, (22)
where the functions [P’} are strictly monotone,
depend on only a single variable, and

(1) The functions [P’} are homogeneous of
the same degree, or

(2) The functions [P} are logarithmic.

If the functions [F’] in the representation of
the production possibility frontier are homog-
eneous of degree p, the functions [P’} in the
representation of the corresponding price pos-
sibility frontier are homogeneous of degree 7,®
where:

1 1
—+—=1
]

The functions [F?} can be represented in the
form:

Fi(y;) = (sgn i) ai|yil?,

(23)

(i=1,2...n), (24)
and the functions [P’} can be represented in the
form:

Pi(gi) = (sgnyi) big/,
where:

bi = ail—‘ﬂ’ (121,2 . o n) (26)

Alternatively, if the functions [F’} in the
representation of the production possibility
frontier are logarithmic, the functions [P’} in
the representation of the price possibility fron-
tier are logarithmic and we can write:

(i=1,2...n), (25)

" An analogous result was obtained by Lau (1972).
® For the duals of power functions and logarithmic
functions, see Rockafellar (1970), pp. 105-107.
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P(q1,q2. . . .qu) = (sgnyy) by Inqq
+ (sgny2) balngs + ...
+ (sgn yn) b, In gn= 0,
(27)
where
b =g (i=1,2...n), (28)

in the logarithmic representation of the func-
tions {F’} given above.

Under constant returns to scale, if the pro-
duction possibility frontier is group-wise addi-
tive, the price possibility frontier is group-wise
additive in the same commodity groups. We
can extend our representations of the price pos-
sibility frontier to group-wise additivity and to
multi-level additivity in an obvious way. Multi-
level additive and homogeneous production pos-
sibility frontiers are self-dual in the sense of
Houthakker.'® For our examples of additive
and homogeneous production possibility fron-
tiers the corresponding price frontiers have the
same functional form. The parameters of these
price frontiers can be determined from the
parameters of the corresponding production
frontiers, but the two sets of parameters are not
identical.

The first step in testing additivity is to test
group-wise additivity between inputs and out-
puts, considered as commodity groups. Since a
group-wise additive and homogeneous produc-
tion possibility frontier corresponds to a group-
wise additive price possibility frontier, the
hypothesis of group-wise additivity of inputs
and outputs can be tested directly by means of
the production frontier or indirectly by means
of the price possibility frontier. Similarly, since
a multi-level additive and homogeneous pro-
duction possibility frontier is self-dual, the
hypothesis of multi-level additivity can be
tested by means of either frontier.

III Transcendental Logarithmic Frontiers

1) Introduction

Our objective is to develop tests of the theory
of production that do not employ additivity
and homogeneity as part of the maintained hy-
pothesis. For this purpose we introduce new
representations of the production possibility
frontier and the price possibility frontier. We

® See Houthakker (1965); self-duality is also discussed
by Samuelson (1965).

refer to our representation of the production
possibility frontier as the transcendental log-
arithmic produotion possibility frontier. Simi-
larly, we refer to representation of the price
possibility frontier as the transcendental log-
arithmic price possibility frontier. Each fron-
tier is a transcendental logarithmic function in
its arguments, the logarithms of quantities and
prices, respectively. More simply, we refer to
our production frontier and price frontier as the
translog production and price frontiers.

2) Translog Production Frontier

In presenting the translog production fron-
tier it is useful to specialize to the case of two
outputs and two inputs. The basic approach is
easily extended to any number of outputs and
inputs. We suppose that there are two out-
puts — consumption C and investment / —
and two inputs — capital K and labor L. The
corresponding prices are q¢, ¢1, ¢x, qz. The
production possibility frontier F can be repre-
sented in the form:

F(C) 1) K; L) A) =0,
where A is an index of technology.

We approximate the logarithm of the produc-
tion frontier plus unity by a function of the
logarithms of the outputs and inputs,?*

In(F+1)=a+aclnC+ aslnt

+axInK +azlnlL

+aA1nA +1nC (%nglnc

+ Berlnl + BoxIn K
+ BorInL + Bealn 4

+ln](%,8ulnl+,8man
+BIL1nL+,BIA_1nA)
+1nK(‘%—ﬁKK1nK + BrrIn L

(29)

1
+ Braln4) + lnL(_é‘BLLlnL
+ ,GLAlnA)

—+ Ind (_;“ﬁAA In A). (30)

The implications of the theory of production
are invariant with respect to transformations
of the production possibility frontier equal to

2 For convenience we have adopted the convention
that outputs and inputs are measured as non-negative
quantities.
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zero when the frontier is equal to zero.* As -

one example of such a transformation, we add
unity and take logarithms. More generally, we
can transform the production possibility fron-
tier, obtaining ¢[In(F+1)] as the new fron-
tier, where ¢(0) is equal to zero. We obtain
the following coefficients of the translog ap-
proximation at In C=In /=In K =In L =
In4 = 0:

ﬁb:aOr

,o0lnF

¢ dlnCc

, 0?InF ,O0InF 9InF

¥ Smc 3IC ainC ~ Poo (31)

The function ¢ is equal to zero for F equal
to zero, but is otherwise arbitrary. We can
choose ¢" and ¢” for convenience in represent-
ing the translog approximation to an arbitrary
production possibility frontier. A convenient
normalization is

ag + o, = — 1, Bor + Ber + Bix + B = 0.

(32)
The first normalization, ax + a;, = —1, is re-
quired for estimation of the parameters of equa-
tions for the value ratios. The second normali-
zation has the convenient property that a trans-
log approximation to a production possibility
frontier group-wise additive in outputs and
inputs is group-wise additive. Given this
normalization, we can determine one of the four
parameters [Bcx, Ber, Bix, Bl from the re-
maining three.

Using the translog form for the production
possibility frontier and the necessary condi-
tions for producer equilibrium, we obtain the
ratio of the value of investment goods output
to the value of capital input:

ol

gxK 7
where y; = a; + BerInC + BrrIn’

+BIK1nK +BILIHL+ BIAlnA
and g is similarly defined.

; (33)

Similarly, the ratio of the value of labor input
to the value of capital input is
al Yo
TI;E - YK ’
where yr, is an expression similar to y; and yg.
At this point we specialize the discussion to

(34)

# See Hicks (1946).

national accounting data for which the value of
output is equal to the value of input,

q¢C + qil = gxK + qiL. (35)
Given any two of the value ratios in the expres-
sion,

geC ol _ @l

9xK  gxK qxK ’
the third is determined by the accounting iden-
tity. This implies that the parameters of the
equation for the ratio of the value of con-
sumption goods output to the value of capital

1+

input,
goC _ _ Yo (36)
qxK YK ’

where i, is also similar to y; and i,

can be determined from those for the remain-

ing two ratios. In fact,
ac + ar + ax + ar
Bec + Bor + Bex + Bor
Ber + B + Bix + B
Bex + Bix + Brx + Bxrr
Ber + Bz + Brr + Bir
Beca + Bra + Bra + Bra

coococoo

T T VT

3) Translog Price Frontier

The translog price possibility frontier can be
presented in the same way as the translog pro-
duction possibility frontier. The price pos-
sibility frontier P can be represented in the
form:

P (qe, q1, qx, 91, 4) =0, (37)
where 4 is the index of technology. We ap-
proximate the price frontier by a function qua-
dratic in the logarithms,

In (P+ 1) = a0+aglnqg+a11nq1
+axIngg +arlngy + asln 4

1
+Inng (7,300111 qe + Borlng;

+ Bex In gx + Bor Ingyg
+ ,BCA ID.A)

+1Ing; (%Bﬂlnql_*_BIK]an
+ Bilngr + Braln A)

+ 10 gx (- Brx In g

+ BxrIngr + Braln A4)
+1Ings (%IBLLIH qL

+ BralnA4)

+lnA(%BAA1nA). (38)
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As before, we can normalize the parameters of
the price possibility frontier so that:

ag +ar = — 1,

,BCK + BCL + BIK + BIL = O (39)

Differentiating the translog price frontier,
while holding the level of profit at zero, we
obtain the relative net supply functions; for ex-
ample, the ratio of the value of investment
goods to the value of capital services is

oy (40)
gxK ¥ &
where y*; = a; + BorInge + B lngr

+ BikIngxg + BrizIngr + Braln 4

and ¢*y is similarly defined.

The form of the functions determining the
value ratios is identical to that for the translog
production possibility frontier with prices in
place of quantities. Given any two of the value
ratios, the third is determined by the account-
ing identity between the value of output and
the value of input.

IV Testing the Theory of Production

1) Stochastic Specification

The first step in implementing an economet-
ric model of production based on the translog
production frontier is to add a stochastic speci-
fication to the theoretical model based on the
equations for the marginal rates of substitu-
tion. We add a disturbance term to each of the
equations for the ratios of values of consump-
tion goods output, investment goods output and
labor input to the value of capital input. From
the accounting identity relating these ratios we
observe that the disturbance in any one of these
equations can be determined from the distur-
bances in the remaining two. Only two of the
three equations are required for a complete
econometric model of production. Estimates of
the parameters of the remaining equation are
implied in the relationships among the param-
eters given above.

2) Equality and Symmetry

We estimate equations for ratios of the
values of investment goods output and labor
input to the value of capital input, subject to
the normalization ax + a5 = '—1. If the equa-

tions are generated by profit maximization,
the six parameters [ax, Bex, Bix, Brx, Bxr,
Bxal are the same for both equations. This re-
sults in a set of restrictions relating the param-
eters occurring in both equations. We refer
to these as equality restrictions.

The production possibility frontier is twice
differentiable, so that the Hessian of this fron-
tier is symmetric. This gives rise to a set of
restrictions relating the parameters of the cross-
partial derivatives. For example, the parameter
Bix associated with In K in the expression for
oF /oI must be equal to the same parameter
associated with In 7 in the expression for
three parameters represented explicitly {Bx,
Bir, Bxrl and three additional parameters
entering through the accounting identity be-
tween the value of output and the value of in-
put {Ber, Bex, Berl- We refer to these as sym-
metry restrictions.

Constant returns to scale implies that the
production possibility frontier satisfies:

for any N > 0. This implies the following re-
strictions on the parameters:

o¢c +a +oaox +oap

Boc + Bor + Box + Ber
Bor + Bu + Bix + Biz
Box + B + Brx + Bxr
Bor + Brz + Brr + Brw
Boa + Bra + Bra + Bra

1
—é‘ﬂcc + Ber + Bex + Ber

1
+ 7/311 + Bix + Bz

1 1
+7BKK+BKL+7/3LL = 0.

|
cococooo

i

Given symmetry restrictions on the six param-
eters LBIK; IBILa IBKLa 1801) BCK’ IBCL}’ the first
six restrictions are identical to those derived
from the accounting identity between the value
of output and the value of input. The last re-
striction is implied in the second through fifth
restrictions. We conclude that tests of the
symmetry restrictions can also be interpreted
as tests of constant returns to scale or homo-
geneity. Under the accounting identity between
the value of output and the value of input,
symmetry and homogeneity have precisely the
same implications for the parameters of the
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functions determining the ratios of values of
investment goods output and labor input to the
value of capital input.

The parameters of the translog production
possibility frontier can be normalized; only the
normalization, Bex + Bor + Bix + B = 0, im-
poses a restriction on the parameters of equa-
tions for the value ratios. We refer to this as
the normalization restriction. If equations for
the value ratios are generated by profit maxi-
mization, subject to the translog production
possibility frontier, the parameters satisfy
equality, symmetry, and normalization re-
strictions.

3) Factor Augmentation

In the tests of the theory of production we
employ the index of total factor productivity
as a measure of the technology index 4. The
index of total factor productivity is invariant
and path independent if and only if technical
change can be represented by a single index.*”
If technical change is factor-augmenting and
depends on a single index, we can write the
production possibility frontier in the form:

F(C,I,K,L A) =

F(C,1,A-K,4-L) =0. (42)
Furthermore, the index of technology 4 can be
taken to be the index of total factor producti-
vity,?® implying the restrictions:

ag =oag “+oar

Bea = Box + Bor

Bra = Bix + Pz

Bra = Brx + BrL

Bra = Brr + BLr

Bas = Brx + 2Bk + Brr.

The first and last of these restrictions can be
employed in estimating the parameters [ay,

B.sl. Under the normalization suggested
above:
a4 = ag +ar = —1.

Give symmetry, the second restriction is im-
plied by the third, fouth and fifth. We refer to
the latter three as factor augmentation restric-
tions.

22 This is an implication of Hulten’s (1973) conditions
for invariance and path independence of Divisia index
numbers; see Hulten (1973).

2 See Solow (1967).

4) Group-wise Additivity

Group-wise additivity of the production pos-
sibility frontier in the two groups consisting of
outputs and inputs implies that the frontier can
be represented in the form:

Y(C,1,4) =X (K, L, A4). (43)
Constant returns to scale implies that the func-
tions [V (C, I, A), X(K, L, A)] can be taken
to be homogeneous of degree one in outputs and
inputs, respectively.

Under our normalization necessary and suffi-
cient conditions for the translog production
possibility frontier to be group-wise additive in
the inputs and outputs are the following:

Bex = Bor = Bix = B = 0.

We refer to these as group-wise additivity re-
strictions. Only three of these restrictions are
independent.**

If the production possibility frontier is group-
wise additive in inputs and outputs and techni-
cal change is factor-augmenting we can write,

Y(C,I) =X (4-K, A-L). (44)
Constant returns to scale implies that we can
write,

Y (C, 1) = AX (K, L), (45)
where Y (C, I) is an index of aggregate output,
X (K, L) is an index of aggregate input, and the
functions [V (C, I), X (K, L)} are homogeneous
of degree one.

5) Approximation

We have demonstrated that symmetry re-
strictions can also be interpreted as conditions
for homogeneity under the accounting identity
between the value of output and the value of in-
put. Similarly, we can provide an alternative
interpretation of the factor augmentation and
group-wise additivity restrictions by consider-
ing the translog approximation to the CET-CES
production possibility frontier:

x/

pl pl pl
[6.C 4 (1 —81) 7]
’, », /b,
= yA [ K 4+ (1 —8&) L *~ (46)
This frontier is group-wise additive in two

2 Alternative tests for group-wise additivity have been
proposed for versions of the “generalized Leontief” produc-
tion possibility frontier by Denny (1973) and by Hall
(1973).

% See Powell and Gruen (1968).
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mutually exclusive and exhaustive commodity
groups and each group is commodity-wise ad-
ditive in the two commodities that comprise the
group. Of course, the frontier as a whole is not
commodity-wise additive.

The translog approximation of the CET-
CES frontier can be obtained from:

1
—1In [8;exp (p1InC) 4+ (1 — &)
p1
exp p1In’)]
1
—Iny—In4 — —1In [8 (expp2 In K)

p2
4+ (1 —8) exppeInL)] = 0. 47)
The approximating translog frontier (around
the point C=7=K =L =1) is:
In(F+1)=a+aInl+aglnK
+ ar, InL

+lnC (%ﬂoolnc
— nglnl)
+101 (5 Booln )

+an (%BKKIHK
— ,BKK lnL)
+10L (5 BrxInL)
—In4d;
in this approximation:
ac + a; + ag + ar = 0.

The parameters of the translog approximation
are:

(48)

ay = —lny

ac = 01

af =1—28;

ag = — Os

ap, = — (1 —8&)

Boo = 81 (1 — 81) p1
Brr = — 8 (1 — &) pa.

Following Arrow, Chenery, Minhas, and
Solow,2® the parameter a, is the efficiency param-
eter, the parameters [ag, a;, ag, o} are distri-
bution parameters, and the parameters [Bcc,
Bxxl are substitution parameters. This inter-
pretation can be carried over to an unrestricted
translog frontier, adding substitution param-
eters [Bu, Bz, Bor Boxr, Bor, Bix, P
Bxrl. The CET-CES production possibility
frontier restricts the substitution parameters to

% Arrow, Chenery, Minhas and Solow (1961), p. 230.

two. Under homogeneity, symmetry, and
normalization restrictions the translog produc-
tion possibility frontier involves five substitu-
tion parameters. Imposing group-wise addi-
tivity in inputs and outputs, the translog
frontier involves only two substitution param-
eters.

A test of the factor augmentation and group-
wise additivity restrictions can also be inter-
preted as a test of the CET-CES frontier or of
the CES production function. In the CES pro-
duction function the index of aggregate output
Y(C, I) is measured directly; this index is
invariant and path independent if and only if
the production possibility frontier is group-
wise additive in inputs and outputs. This ad-
ditivity condition is weaker than the additivity
conditions underlying the CET-CES frontier,
since the CET-CES frontier also implies com-
modity-wise additivity of aggregate output and
aggregate input in the individual commodities.?”

Tests of the CET-CES frontier and the CES
production function involve a possible error of
approximation if the true production possibility
frontier is CET-CES or the true production
function is CES. Under constant returns to
scale and group-wise additivity between inputs
and outputs the only translog production pos-
sibility frontier that is commodity-wise addi-
tive in capital and labor input involves an in-
dex of aggregate input that is Cobb-Douglas in
form: 28

InX=—axinK+ (1 4+ag)InL,
so that

Bxx = 0.

A similar restriction for the index of aggregate
output implies an output index that violates the
convexity conditions for the production pos-
sibility frontier.

(49)

6) Duality

In implementing an econometric model of
production based on the translog price pos-
sibility frontier the first step, as before, is to add
a stochastic specification. Only two of the
three equations for ratios of the values of con-

# See Hulten (1973).

*See Douglas (1948). Berndt and Christensen (1973b,
1973¢c) have provided a detailed empirical analysis of the
internal structure of aggregate input for United States
manufacturing.
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sumption goods output, investment goods out-
put, and labor input to the value of capital in-
put are required for a complete econometric
model of production. As before, a convenient
normalization is that az + a; = —1. The re-
strictions on the translog price possibility fron-
tier are strictly analogous to restrictions on the
translog  production  possibility  frontier.
Equality, normalization, and symmetry restric-
tions are the same as before. Tests of the sym-
metry restrictions can also be interpreted as
tests of homogeneity of the price possibility
frontier.

Factor-augmenting technical change implies
that the price possibility frontier can be writ-
ten: '

P (qo) q1, 9k, 41, A) =

P (go, q1, 9x/4, q1/4) =0, (50)
where 4 can be taken to be the index of total
factor productivity.?® Factor augmentation
implies the restrictions:

—ag4 = ag -+ ar
— Boa = Bex + Ber
— Bia = Bix + B

— Bra = Brr + Bxi
— Bra = Brr + PiL
Baa = Bxx + 2Bkr + PBrr.

Group-wise additivity of the production pos-
sibility frontier in the two inputs, capital and
labor, in the two outputs, consumption and in-
vestment, and homogeneity imply that the price
possibility frontier can be written in the form:

qv (90, 91, 4) = 9x (9, q1, 4), (51)
where the functions {qy(qe, a1, 4), ¢x(qx, 95,
A)1 can be taken to be homogeneous of degree
one in the prices of outputs and the prices of
inputs, respectively.

Under our normalization necessary and suffi-
cient conditions for the translog price possibil-
ity frontier to be group-wise additive in the
prices of outputs and inputs are:

Bex = Ber = Bik = Pir.

Only three of these restrictions are indepen-
dent.

As before, the factor augmentation and
group-wise additivity restrictions can also be
interpreted as restrictions arising from the

2 Under constant returns, equal rates of factor aug-
mentation may be interpreted equivalently as equal rates
of decline of factor prices.

translog approximation of the CET-CES price
possibility frontier. This frontier can be repre-
sented in the form:
771 nl 1/.’,1
AlLige+ (1 — &) ar’]
, m, n, 1/712
=0[lgr "+ (1 — &) qr’]
where:

1 1 1 1

=4 =1,

P1 m P2 n2
and:

I_Cl,:l:(ljlgl> 1’

1_42&:(1_8232) 2’

1—m, 1—m, 1/
[82 + (1 —38)

] 2
1—n 1—m 1/7
y[& "+ @0 =38) ]
since the CET-CES production possibility
frontier is self-dual, that is, the price possibility
frontier has the same functional form.

Under group-wise additivity between output
prices and input prices, commodity-wise ad-
ditivity of the translog price possibility fron-
tier in the prices of capital and labor inputs im-
plies:

Brr = 0,
as before.

The translog production possibility fron-
tier and the translog price possibility frontier
do not correspond to ithe same technology.
However, these frontiers can be regarded as
alternative approximations to the same under-
lying technology. If, for a given technology,
both the production frontier and the price
frontier can be represented in closed form, for
example with CET-CES frontiers, the error of
approximation can be assessed by measuring
the discrepancy between the frontiers and their
translog approximations.

(52)

g =

b

V Empirical Results

1) Summary of Tests

Our objective has been to develop statistical
tests of the theory of production that do not
employ the assumptions of homogeneity and
additivity. At this point it is useful to sum-
marize the restrictions on the translog produc-
tion possibility frontier corresponding to the
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theory of production and to functional forms
that are homogeneous and additive. Restric-
tions on the translog price possibility frontier
are analogous. We present these restrictions in
a form corresponding to the two equations for
ratios of the values of investment output and
labor input to the value of capital input:

(1) Equality restrictions: The parameters
{ax, Bex, Bix, Brx, Bxr, Bral occur in both
equations and must take the same value.

(2) Symmetry restrictions: The parameters
{Bix, Biz, Bxr, Bex, Beors Berl are the same
wherever they occur and must take the same
value.

(3) Normalization restriction: Box + Ber
+ Bix + B = 0.

(4) Factor augmentation restrictions: B, =

Bix + Biz, Bra = Brxx + Bxr, Bra = Brr +
Brr-
(5) Group-wise additivity restrictions:

Box = Ber = Bix = 0.

(6) Commodity-wise additivity in capital
and labor input: Brx = 0.

The symmetry restrictions, given the identity
between the value of output and the value of
input, are equivalent to restrictions implied by
homogeneity. The factor augmentation and
group-wise additivity restrictions are equivalent
to restrictions implied by the translog approxi-
mation to the CET-CES production possibility
frontier. The commodity-wise additivity re-
striction in capital and labor input implies that
aggregate input can be represented in Cobb-
Douglas form. In addition to the restrictions on
the parameters to be estimated from the two
behavioral equations we employ the following
restrictions to estimate the remaining param-
eters:

(1) Normalization: ax + a;, = —1.

(2) Constant returns: ag+ a; + ax + ag
=0, Boa + Bra + Bra + Bra = 0.

(3) Factor augmentation: oy = ag + ag,
Bas = Brx + 2Bxr + Brr-

2) Estimation

Our empirical results are based on time series
data for the United States private domestic
economy for 1929-1969.2° We have fitted the

% The data are based on the estimates of Christensen
and Jorgenson (1969, 1970), extended to 1969.

parameters of the translog production possibil-
ity frontier, employing the stochastic specifica-
tion outlined above. Under this specification
there are two behavioral equations correspond-
ing to ratios of the values of investment goods
and labor services to the value of capital ser-
vices. Similarly, we have fitted the parameters
of the translog price possibility frontier, em-
ploying an analogous stochastic specification.
The production and price frontiers correspond
to two distinct representations of technology.
There are forty-one observations for each be-
havioral equation, so that the number of de-
grees of freedom available for either direct or
indirect statistical tests is eighty-two.

Our maintained hypothesis corresponds to
the unrestricted form of the two behavioral
equations derived from the production pos-
sibility frontier. The unrestricted behavioral
equations, estimated under the normalization
ax + a;, = —1, involve twenty-two unknown
parameters or eleven unknown parameters in
each equation. Unrestricted estimates of these
parameters are presented in the first column of
table 1.>* The first hypothesis to be tested is
that the theory of production is valid; the
theory of production implies equality, normal-
ization, and symmetry restrictions on the pa-
rameters of the translog production possibility
frontier. There are twelve equality, normaliza-
tion, and symmetry restrictions, so that the
theory of production implies that the twenty-
two unknown parameters of the translog pro-
duction possibility frontier can be expressed as
functions of only ten. Restricted estimates of
the parameters of the production possibility
frontier, obtained by imposing the equality,
normalization, and symmetry restrictions, are
presented in the second column of table 1.
Analogous estimates of the parameters of the
price possibility frontier are presented in the
first two columns of table 2.

Given the validity of the theory of produc-
tion, the second hypothesis to be tested is that
technical ‘change is factor augmenting and the
production possibility frontier is group-wise ad-
ditive in outputs and inputs. There are six

# We employ an iterative version of the three-stage least
squares estimator proposed by Zellner and Theil (1962).
This estimator is asymptotically equivalent to the maxi-
mum likelihood estimator.
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TABLE 1.— ESTIMATES OF THE PARAMETERS OF THE
TrRANSLOG PRODUCTION POSSIBILITY FRONTIER

TABLE 2. — ESTIMATES OF THE PARAMETERS OF THE

TRANSLOG PrICE PosSIBILITY FRONTIER

. a 8 2 © b
3 23 58 282 52 g 28 BN 252 52
£ g8 SEa 5E°E £ £ 3E SEa 5852 2
5 =2 572 8223 &% g ¥ 552 5573 £%
& o8 [z & <8< S< & 54 @z § m< &< 82

Investment Equation Investment Equation
ar 304 305 301 301 ar 315 .305 301 303
Ber —1.11 — 413 —.196 —.194 Ber 1.68 —.099 —.506 —.587
B —.406 —.138 .196 .194 Bir .781 .283 .506 .587
Bix 491 115 e e Bix —.235 360 e e
Brr 1.29 436 e ‘e Bt —1.72 —.544 e e
Bra 1.89 993 e e Bia 1.42 .366 e e
Bex 476 —.497 e e Bex — 435 .698 e e
Bix 411 115 e e Bix —.235 .360 e e
Brx —.228 254 —.0468 e Brx —.659 —.809 .049 e
BrL —1.05 129 .0468 e Brr 317 —.250 —.049 e
Bra —1.41 —.267 e e Bra 1.06 .983 e e
Labor Equation Labor Equation
ar —.618 —.613 —.617 —.610 ar —.628 —.622 —.613 —.610
Ber .801 —.054 e e Ber —6.43 —.515 e e
Brr —.683 436 e e BiL —4.21 —.544 e e
BkrL —.614 129 .0468 e BxL 317 —.250 —.049 e
Brr 519 —.511 —.0468 e BrL 5.86 1.31 .049 e
Bra 1.74 —1.32 e e Bra —12.1 —1.01 e e
Bex 443 —.497 e e Ber .826 .698 e e
Bix —.598 115 e e Bix —.650 360 e e
Brx —.410 254 —.0468 e Brx 774 .809 .049 e
BxrL 655 129 .0468 e BxL —.553 —.250 —.049 e
Bra 1.32 —.267 e e Bra —.670 .983 e e
a Unrestricted estimates under the normalization ax 4 ar = —1. a Unrestricted estimates under the normalization ar + ar = —1.
b Restricted estimates, equality, normalization, and symmetry re- b Restricted estimates, equality, normalization, and symmetry

strictions imposed.

¢ Restricted estimates, factor augmentation and group-wise ad-
ditivity restrictions together with equality, normalization, and sym-
metry restrictions imposed.

d Restricted estimates, commodity-wise additivity of aggregate in-
put, together with equality, factor augmentation, normalization,
group-wise additivity, and symmetry restrictions imposed.

¢ Parameter value constrained to be equal to zero.

factor augmentation and group-wise additivity
restrictions, so that the ten parameters of the
production possibility frontier implied by the
theory of production can be expressed as a
function of four parameters —a distribution
and substitution parameter for aggregate out-
put and corresponding parameters for aggre-
gate input. The efficiency parameter for the
frontier determines the units of measurement
for the index of factor productivity. Restricted
estimates of the parameters of the production
possibility frontier, obtained by imposing the
factor augmentation and group-wise additivity
restrictions together with the equality, normal-
ization, and symmetry restrictions, are pre-
sented in the third column of table 1. Ana-
logous estimates of the parameters of the price
possibility frontier are presented in the third

restrictions imposed.

¢ Restricted estimates, factor augmentation and group-wise addi-
tivity restrictions together with equality, normalization, and sym-
metry restrictions imposed.

d Restricted estimates, commodity-wise additivity of aggregate

input, together with equality, factor augmentation, normalization,
group-wise additivity, and symmetry restrictions imposed.
¢ Parameter value constrained to be equal to zero.

column of table 2. Finally, the third hypothesis
to be tested is that production possibility fron-
tier is commodity-wise additive in labor and
capital input. This hypothesis implies one ad-
ditional restriction on the four parameters of
the frontier. Restricted estimates, imposing
this additional restriction, are presented in the
fourth column of table 1; analogous estimates
for the price possibility frontier are presented
in the fourth column of table 2.

3) Test statistics

To test the validity of the theory of produc-
tion and of restrictions on the form of the pro-
duction possibility frontier we employ a
“nested” series of tests. At each stage in the
series we calculate the change in the weighted
sum of squared residuals resulting from restric-
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tions imposed at that stage. We divide this
change by the sum of squared residuals at the
previous stage. Finally, we divide both numer-
ator and denominator of this ratio by the
appropriate number of degrees of freedom. The
resulting test statistics is distributed, asymptot-
ically, as F (v, vy), where v, is the numerator
degrees of freedom and v, is the denominator
degrees of freedom. Of course, each F-ratio is
distributed, asymptotically, as chi-squared di-
vided by the numerator degrees of freedom.
These test statistics are asymptotically equiva-
lent to likelihood ratio test statistics. Critical
values of F and chi-squared employed in our
tests are given in table 3.32

TABLE 3.— CRITICAL VALUES OF F(u, v.) and x*/v

Level of Significance

Degrees of Freedom .I0 .05 025 .01 .005
vs = 12 F(12,60) 1.66 1.92 2.17 2.50 2.74
ve = 60 x*/12 1.55 1.75 1.94 2.18 2.36
=3 F(3,72) 2.12 2.74  3.32 4.09 4.69
ve =172 x%/3 2.08 2.60 3.12 3.78 4.8
n==6 F(6,72) 1.86 2.23 2.61 3.08 3.45
ve = T2 X2/6 1.77 210 241 2.80 3.09
1 =3 F(3,75) 2.17 2.74 3.31 4.09 4.67
ve =75 x°/3 208 260 3.12 378 4.28
=1 F(1,78) 2.78 3.98 5.22 7.00 8.39
ve =178 x%/1 2.71 3.84 5.02 6.63 7.88

To control the overall level of significance
for each of our series of tests, direct and in-
direct, we set the overall level of significance
for each series at 0.05. We then allocate the
overall level of significance among the various
stages in each series of tests. We first assign
levels of -significance of 0.02 to tests of the
theory of production and 0.03 to tests of re-
strictions on functional form. Given a level of
significance of 0.03 for the validity of restric-
tions on the functional form, we assign 0.02 to
group-wise additivity and factor augmenta-
tion and 0.01 to commodity-wise additivity.
We test group-wise additivity and factor aug-
mentation, proceeding conditionally on the
validity of the theory of production. Finally,
we test commodity-wise additivity in the in-
puts, proceeding conditionally on the validity
of the theory of production and the validity of
group-wise additivity and factor augmentation

3 The values for chi-squared are taken from tables for F
with »2 = co degrees of freedom.

restrictions on functional form. With the aid
of the critical levels presented in table 3, the
reader can evaluate the results of these tests for
a range of alternative levels of significance and
for alternative allocations of the overall level
of significance among stages of the series of
tests for either direct or indirect representations
of the production possibility frontier.

Test statistics for both direct and indirect
tests of the theory of production and of re-
strictions on functional form are given in table
4. At a level of significance of 0.02 we accept
the hypothesis that restrictions implied by the
theory of production are valid for either the
direct or the indirect series of tests. The F-
ratio for the direct test is 0.00; the analogous
ratio for the indirect test is 1.83. Proceeding
conditionally on the validity of the theory of
production, we can test the validity of restric-
tions on functional form. These restrictions in-
clude factor augmentation and group-wise ad-
ditivity restrictions. Either set of restrictions
can be valid without the other. We test the two
sets of restrictions individually; of course, the
tests are not “nested” so that the sum of levels
of significance for each of the two hypotheses
considered separately is an upper bound for the
level of significance of tests of the two hypoth-
eses considered simultaneously. Setting the
level of significance for each test at .01 we ob-
tain an upper bound on the overall level of
significance of .02. At these levels of signifi-
cance we reject the hypothesis that restrictions
implied by group-wise additivity are valid for
either direct or indirect tests. We accept the
hypothesis that restrictions implied by factor
augmentation are valid for the direct test; how-
ever, we reject this hypothesis for the indirect
test.

We have tested the validity of restrictions on
the form of the production possibility frontier,
proceeding conditionally on the validity of the
theory of production. We have tested restric-
tions implied by factor augmentation and by
group-wise additivity individually. An alter-
native to our test procedure is to test the
validity of factor augmentation and group-
wise additivity restrictions jointly. At a level
of significance of 0.02 we would reject the
joint hypothesis for either direct or indirect
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TABLE 4. — F-RATI0s FOR DIRECT AND INDIRECT TESTS
OF THE THEORY OF PRODUCTION AND OF RESTRICTIONS
oN THE ForRM OF THE PRODUCTION AND PRICE
PosSIBILITY FRONTIERS

Degrees of

Freedom Direct Indirect

Theory of Production
Equality, normalization,

and symmetry restrictions (12,60) 0.00* 1.83
Functional Form

Factor augmentation and

group-wise additivity (6,72) 6.39 38.5

Commodity-wise additivity (1,78) 16.8 12.2

aThe estimated change in the sum of squared residuals is
negative.

tests. The F-ratio for the direct test is 6.39;
for the indirect test the ratio is 38.5. An addi-
tional alternative to our test procedure is to
test factor augmentation and then to test group-
wise additivity, conditional on factor augmenta-
tion. Another alternative is to reverse this
procedure. We present test statistics required

for each of these alternative procedures in table
5.

TABLE 5.— F-RATIOS FOR DIRECT AND INDIRECT
Tests OF FACTOR AUGMENTATION AND GROUP-WISE

ADDITIVITY.
Degrees of
Freedom Direct Indirect

Unconditional
Factor augmentation (3,72) 3.23 58.1
Group-wise additivity (3,72) 8.20 9.12

Conditional

Factor augmentation, given
group-wise additivity (3,75) 6.39 55.4
Group-wise additivity,
given factor augmentation (3,75) 14.0 20.3

For completeness we present test statistics
for the hypothesis of commodity-wise additivity
in the two inputs, conditional on the validity of
restrictions implied by the theory of production
and of factor augmentation and group-wise ad-
ditivity restrictions. The F-ratio for the direct
test is 16.8 and the corresponding ratio for the
indirect test is 12.2. Our results for both direct
and indirect tests are consistent with the theory
of production. Our results for the indirect tests
are inconsistent with restrictions on functional
form implied by factor augmentation and
group-wise additivity; our results for the direct

tests are consistent with restrictions implied by
factor augmentation but inconsistent with re-
strictions implied by group-wise additivity.

VI Summary and Conclusion

Our objective has been to test the theory of
production without imposing the assumptions
of additivity and homogeneity as part of the
maintained hypothesis. We first examine the
implications of these assumptions for the form
of the production possibility frontier. We con-
clude that the assumption of commodity-wise
additivity that underlies the constant elasticity
of substitution production function is unsuit-
able as a basis for representing a production
possibility frontier with several outputs and
several inputs. Group-wise additivity implies
that inputs and outputs, considered as com-
modity groups, must be additive. Multi-level
additivity implies that the production pos-
sibility frontier is self-dual; the price pos-
sibility frontier has the same functional form
with parameters that depend on the parameters
of the production possibility frontier.

By duality in the theory of production the
properties of the production possibility fron-
tier and necessary conditions for producer equi-
librium correspond to properties of the price
possibility frontier and conditions for relative
product and factor intensities. Duality is a
natural tool for the construction of tests of the
theory of production and tests of hypotheses
about the form of the production possibility
frontier, including hypotheses about additivity.
The first step in testing additivity is to test
group-wise additivity between inputs and out-
puts. This hypothesis can be tested directly by
means of the transcendental logarithmic pro-
duction possibility frontier or indirectly by
means of the transcendental logarithmic price
possibility frontier. Similarly, the hypothesis
of multi-level additivity can be tested by means
of either frontier.

Our empirical results are summarized in
diagrammatic form in figures 1 and 2. For
either direct or indirect series of tests we pro-
ceed from an unrestricted form of the be-
havioral equations to a form implied by
equality, normalization, and symmetry restric-
tions. At this point we can proceed directly to
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F1cURE 1. — DIRECT SERIES OF TESTS OF THE THEORY OF PRODUCTION AND THE
ForM OF THE PRODUCTION POSSIBILITY FRONTIER
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a form implied by separability and factor aug-
mentation restrictions, together with equality,
normalization, and symmetry, or we can proceed
first to separability and then to factor augmen-
tation or vice-versa. Finally, given equality,
normalization, symmetry, separability and fac-
tor augmentation, we can proceed to a form
implied by separability of aggregate input.
F-ratios along each of these alternative paths
of statistical inference are presented in figures
1 and 2 for the direct and indirect tests, re-
spectively.

The results of our direct and indirect tests of

the theory of production, based on the trans-
cendental logarithmic production and price
frontiers, are consistent with the validity of the
extensive set of equality, symmetry, and
normalization restrictions implied by the
theory. Our results are inconsistent with the
hypothesis of group-wise additivity of the pro-
duction possibility frontier in inputs and out-
puts for either direct or indirect tests. Produc-
tion possibility frontiers characterized by ad-
ditivity and homogeneity have proved useful in
representing production with one output and
two inputs, as in the study of capital-labor sub-
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FiGURE 2. — INDIRECT SERIES OF TESTS OF THE THEORY OF PRODUCTION AND THE
ForMm oF THE PRICE PossIBILITY FRONTIER
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stitution by Arrow, Chenery, Minhas, and
Solow. The extension of this approach to pro-
duction with two outputs and two inputs con-
flicts sharply with our empirical evidence.
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